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dCNRS, Université de Nantes, Nantes Atlantiques Universités, Laboratoire de Planétologie et de Géodynamique, Nantes, France
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Abstract

The geomagnetic field, modified by the solar wind, determines the shape, area and location of polar caps and auroral zones, among
other magnetosphere and upper atmosphere characteristics. Since the field varies greatly with time it is of interest to analyze polar caps
and auroral zones variations linked to magnetic field variations of intensity and pattern. Polar caps and auroral zones locations and areas
for various single harmonic axial field configurations are obtained analytically assuming a simple magnetopause model. As the axial
degree n increases, the polar caps and auroral zones total number, given by n + 1 and 2n respectively, also increase. However, their total
areas decrease from a larger value in the case of an axial dipole to a minimum for an axial octupole (n = 3), and then increase for increas-
ing degrees. The increasing rate is much higher in the auroral zones case to the point that it exceeds the dipolar value at n = 5 while in the
polar caps case this occurs at n = 8. The absolute latitudes of the auroral zones and polar caps that reside around the geographical poles
increase with axial degree. Our results represent an end-member case of the evolution of auroral zones and polar caps during polarity
reversals if the transition involves axial dipole energy cascade to higher axial degrees. Evidence for such an energy transfer is found in the
historical record of the geomagnetic secular variation.
� 2021 COSPAR. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The Earth’s magnetic field is dominated by a tilted geo-
centric dipole. Based on the InternationalGeomagnetic Ref-
erence Field (IGRF version 12) model (Thébault et al., 2015)
for the year 2020, the present-day geomagnetic dipole
accounts for ~ 93% and ~ 39% of the total field power at
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Earth’s surface and at the core-mantle boundary (CMB),
respectively. The present-day geomagnetic dipole tilt is rela-
tively small, about 10 degrees (Amit and Olson, 2008), i.e.
the dipole field is predominantly axisymmetric. The remain-
ing non-dipolar field also contains significant axial contribu-
tions. In the present-day non-dipole field, the ratio of axial to
non-axial field powers at Earth’s surface and at the CMB
is ~ 0.30 and ~ 0.22, respectively. This measure of the axial
field is one of the primary morphological characteristics of
the geomagnetic field that serves to constrain Earth-like
numerical dynamo models (Christensen et al., 2010).

The geomagnetic field varies greatly with time. In the
past 180 years the geomagnetic dipole has been rapidly
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decreasing (Finlay, 2008) while the axial part of the non-
dipole field has been increasing (Christensen et al., 2010).
Over millennial timescales, the most drastic large-scale
changes occur during polarity reversals. Although the
dominance of a dipolar configuration during polarity tran-
sitions is possible (Amit et al., 2010), paleomagnetic studies
suggest the prevalence of a non-dipolar transitional field
(e.g. Merrill and McFadden, 1999).

The geomagnetic core field determines, in addition to
several upper atmosphere and magnetosphere features,
the polar caps and auroral zones characteristics. Auroral
zones are belts around polar caps where energetic charged
particles from the solar wind follow the geomagnetic field
lines and reach the upper atmosphere, resulting in an area
with maximum frequency of aurorae occurrences
(Akasofu, 1983; Feldstein, 2016). They are oval shaped
due to the deformation of the Earth’s magnetic field by
the solar wind. The inner limit of this oval is determined
then by the boundary of the polar caps, which in turn cor-
respond to the footprints of the highly stretched field lines,
or tail lobe lines, which are termed ‘‘open” field lines
(Alexeev, 2005; Milan, 2009).

The influence of the Earth’s magnetic field secular varia-
tion on polar caps and auroral zones over decadal to centen-
nial timescales have been studied by several authors.
Recently, Tsyganenko (2019) showed that the displacement
of auroral ovals during the last 5 decades is related to the
geomagnetic eccentric dipole secular variation. Zossi et al.
(2020) found that since 1900 the polar caps and auroral ovals
have been expanding in the southern hemisphere, as
expected due to the geomagnetic dipole decrease (Finlay,
2008); however, counter-intuitively, in the northern hemi-
sphere since 1940 the auroral ovals have been shrinking. Clo-
sely linked to auroral zones, Smith et al. (2017) analyzed
auroral electrojets variations using satellite data. They
detected changes associated with Earth’s magnetic field sec-
ular variation, most notably larger latitudinal variability in
the northern hemisphere.

The impact of reversals on polar caps and auroral zones
has also been explored. Siscoe and Chen (1975) deduced
that for a pure axial dipole, the polar cap boundary lati-
tude, kp, varies in terms of the magnetic dipole moment,
M, according to cos(kp)/(1/M)1/6, that is it moves equator-
ward as M decreases. Vogt and Glassmeier (2001) and
Glassmeier et al. (2004) derived a similar scaling law again
considering a dipolar geomagnetic field. The inclusion of
non-dipolar components, added to a reduced dipolar com-
ponent, was considered by Siscoe and Sibeck (1980) who
estimated their effects on auroral zones shape and geo-
graphical displacement. They still found two auroral zones,
due to the dipolar dominance at the magnetopause height,
but their shape becomes elongated towards lower latitudes
compared to their morphology under a pure dipole field.
More recently, Zossi et al. (2019) determined polar caps’
locations and shapes for different magnetic field reversal
scenarios including dipole collapse, dipole rotation and
energy cascade. They found polar caps changes not only
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in position, shape and area, but their number varied as
well.

In the present work we determine the impact of specific
components of the geomagnetic field on polar caps and auro-
ral zones considering a set of axisymmetric single harmonic
configurations of degrees n= 1 to 8, which have the appeal of
available precise analytical solutions. We will show that in
the past 120 years all the non-dipole axial geomagnetic field
harmonics of degrees n = 2 to 8 have been increasing in par-
allel to the decrease of the axial dipole. In addition, studying
the impact of these axial fields on the polar caps and auroral
zones is interesting because the non-dipolar axial compo-
nentsmay represent parts of a transitional field during rever-
sals when the axial dipole vanishes by definition.

The methodology is described in section 2 followed by
the results in section 3. Our concluding remarks are dis-
cussed in section 4.

2. Methodology

Based on the analytical equations of magnetic field lines
derived by Willis and Young (1987) for axisymmetric single
harmonic configurations of any degree, combined with the
magnetopause model proposed by Zossi et al. (2020), we
analytically assess the corresponding polar caps and auro-
ral zones locations and areas. This magnetopause model,
termed ‘‘constant intensity”, allows us to detect the geo-
magnetic field open lines that determine the auroral zones
inner and outer boundaries. It basically consists in balanc-
ing the dynamic pressure of the solar wind and the mag-
netic pressure of the geomagnetic field (Beard, 1960) in
all directions for mean quiet and disturbed times. This Btot

value is on average ~ 50nT during quiet solar conditions.
Considering the simple model of Chapman and Ferraro
(1931) for the subsolar magnetopause distance, the Earth’s
core field is half of this Btot value. The surface in space
then, where Bint = 25 nT (Earth’s field) serves as a modelled
magnetopause. That is, the internal magnetic field at every
point of the magnetopause is 25 nT since this value is deter-
mined by the solar wind dynamic pressure, which we con-
sider fixed for all the cases analyzed. This intensity value
would occur at different positions depending on the field
configuration. Every line between 90� of inclination and
the line with Bint = 25 nT at its apex is cut by this surface
and is therefore considered as an ‘‘open field line”. For an
Earth’s centered axisymmetric magnetic field, polar caps
and auroral zones obviously have circular (i.e. axisymmet-
ric) shapes centered at the Earth’s rotation axis.

Our procedure consists of three steps which are
explained below. Finally, we describe the Gauss coefficients
used for the non-dipole scenarios.

2.1. Field line equations for a single harmonic axial magnetic

field

Our first step is to recall the magnetic field lines equa-
tions. Field lines for any magnetic field configuration
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whose spherical components at a given point in space are
(Br, Bh, B/), are determined by solving the following differ-
ential equation

dr
Br

¼ rdh
Bh

¼ r sin hd/
B/

ð1Þ

where (r, h, /) are the radial, co-latitude and longitude
spherical coordinates. Eq. (1), in the case of a single
axisymmetric magnetic harmonic of degree n, has an ana-
lytic solution (Willis and Young, 1987):

r ¼ rn sin hP 1
n cos hð Þ�� ��1=n ð2Þ

where rn is an integration constant specifying a degree-
dependent axisymmetric shell of field lines and Pn

1(cosh)
the associated Schmidt quasi-normalized Legendre func-
tions of degree n and order 1.

Fig. 1 shows the field lines cut by the magnetopause at
apex points for n = 1 to 8. These field lines correspond
to the analytical solutions given in Eqs. A(1) to A(8) (see
Appendix A) obtained by substituting in Eq. (2) the corre-
sponding associated Schmidt quasi-normalized Legendre
functions.
Fig. 1. Meridional cross sections with magnetic field lines cut by the
magnetopause at some (or all) apex points for axial harmonics with (a)
n = 1, (b) n = 2, (c) n = 3, (d) n = 4, (e) n = 5, (f) n = 6, (g) n = 7, and (h)
n = 8. Units are in Earth radius (6371 km). The thick bold solid black
circle represents the Earth’s surface (note the different scales), and the
dashed black line is the magnetopause. In (c) and (d) there are two sets of
field lines cut by the magnetopause (red and blue lines). In (e) and (f) there
is an additional third line (green line), and in (g) and (h) an additional
fourth line (yellow line) cut by the magnetopause. The numbers and the
pale blue circles denote different Earth radii (note the different scales in the
different subplots). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
2.2. Determination of the outermost closed field lines

Our second step is to identify the outermost closed lines
of the magentic field. For this purpose we consider an ide-
alized magnetopause which, in its delimitation of the field,
cuts the lines that cross it and encloses those that do not.
The cut lines footprints on the Earth’s surface determine
the polar caps. Their boundaries, which are also the inner
auroral zone bounds, are delineated by the outermost
closed line.

According to the constant intensity magnetopause
model of Zossi et al. (2020), the magnetic field intensity Btot

at every position on this surface has a constant value deter-
mined by the solar wind kinetic pressure considered that is
on average ~ 50nT in total during quiet solar conditions, of
which 25nT are from Earth’s core origin. To determine
auroral zones outer boundary, that same procedure is fol-
lowed but considering mean disturbed solar conditions
for which the solar wind pressure is balanced by Btot ~ 140-
nT (Zossi et al., 2020).

In the axisymmetric configurations considered, for a
given closed field line, the lowest magnetic intensity
value occurs at its apex. Therefore, the outermost open
field line would correspond to that whose intensity at
its apex is 25nT. Any other line with apex further than
this one is ‘‘cut” by the magnetopause and would there-
fore consitute an open field line. Due to the axisymmetry
considered B/ = 0 everywhere, and in addition at any
field line’s apex Br = 0. Hence, the value of h at
r = RE estimated from the field line Eq. (2) that fulfills
the condition Bh

int = 25nT at its apex delineates the inner
auroral zone boundary, or the polar caps boundary. The
same applies for the condition Bh

int = 70nT for the outer
3230
boundary. The apex radial distance, rapex, is obtained
then from the Bh equation (given by Eq. (8) of Willis
and Young,1987)
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rapex ¼ RE
1

2
n nþ 1ð Þ

� �1=2 g0n
Bh

P 1
nðcos hapexÞ

" #1=ðnþ2Þ

ð3Þ

The apex co-latitude angle hapex corresponds to the roots
of Pn

0(cos h). With these two parameters, rapex and hapex, it
is possible to obtain rn from Eq. (2), which results

rn ¼ rapex

sin hapexP 1
n cos hapex
� ��� ��1=n ð4Þ

Thus, the equation of the last closed line is

r ¼
RE

1
2
n nþ 1ð Þ� �1=2 g0n

Bh
P 1
nðcos hapexÞ

h i1=ðnþ2Þ

sin hapexP 1
n cos hapex
� ��� ��1=n sin hP 1

n cos hð Þ�� ��1=n
ð5Þ
Fig. 2. Gauss coefficient |gn
0| of the single harmonic axial field (black) and

mean magnetopause position (red) vs. degree n. (For interpretation of the
references to color in this figure legend, the reader is referred to the web
version of this article.)
2.3. Auroral zone latitudinal bounds

The third step is to solve Eq. (5) for h at r = RE which
delineates the polar cap and auroral zone inner boundary,
hin, for Bh

int = 25nT. For the auroral zone outer boundary,
hout, Eq. (5) is solved for r = RE and Bh

int = 70nT. Hence hin
and hout are the roots of the following equation:

1
2
nðnþ 1Þ� �1=2 g0n

Bh
P 1
nðcos hapexÞ

h i1=ðnþ2Þ

sin hapexP 1
nðcos hapexÞ

�� ��1=n sin hP 1
nðcos hÞ

�� ��1=n
¼ 1 ð6Þ
Eq. (6) has n + 1 possible solutions, hence each config-

uration has n + 1 polar caps. Two of them are true ‘‘caps”
adjacent to the two geographic poles, so they have one
auroral oval each, and the remaining n-1 are band-
shaped polar caps with two auroral zones each (one at each
boundary), so the total number of auroral ovals is 2n. hin
corresponds to the auroral zone boundary limiting the
polar cap, so it serves also as the polar caps’ bound, and
hout corresponds to the auroral zone external boundary.

2.4. Setup of axisymmetric Gauss coefficients

For comparison purposes, to determine the axisymmet-
ric Gauss coefficients, gn

0, we considered a constant field
Table 1
Setup of Gauss coefficients in nT, resulting number of polar caps and auroral
degree from n = 1 to 8.

Degree
n

Gauss coefficient
jgn0j in nT

Number of
polar caps

Polar caps to
in % of Earth

1 29404.8 2 4.85
2 13114.3 3 2.13
3 6203.6 4 1.61
4 3030.8 5 1.62
5 1511.3 6 1.93
6 764.3 7 2.56
7 390.5 8 3.63
8 201.1 9 5.44
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power at the CMB at a distance c = 3480 km from the
Earth’s center, which is given for a single axial harmonic
from Mauersberger–Lowes power spectrum (Lowes,
1974) by

Rn ¼ nþ 1ð Þ RE

c

	 
2nþ4

g0n
� �2 ð7Þ

The axial dipolar coefficient is taken from the Interna-
tional Geomagnetic Reference Field (IGRF version 12)
model (Thébault et al., 2015) for the year 2020, so that
jg10j=29404.8 nT and in the purely axial dipolar case
R1 = 6.51 � 1010 nT2. The other Gauss coefficients, listed
in Table 1, are calculated from Eq. (7) with this R1 value.
This constant power principle corresponds to a reversal
characterized by energy cascading from the dipole to
higher degrees (Amit and Olson, 2010).

Fig. 2 shows the resulting |gn
0| together with the mean

magnetopause distance for each n obtained from the con-
stant intensity magnetopause model during quiet solar
wind conditions. A magnetopause approach is clearly
noticed for increasing n. An estimate of the mean magne-
topause distance could be obtained using Eq. (3) for rapex,
zones, and their total area in % of the Earth’s surface area for each axial

tal area
’s surface

Number of auroral
zones

Auroral zones total area
in % of Earth’s surface

2 2.23
4 1.57
6 1.51
8 1.75
10 2.30
12 3.28
14 4.93
16 7.75



Fig. 3. Polar caps (red shaded areas) and auroral zones (blue shaded
areas) for single harmonic axial fields with (a) n = 1, (b) n = 2, (c) n = 3,
(d) n = 4, (e) n = 5, (f) n = 6, (g) n = 7, and (h) n = 8, for the northern
hemisphere. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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replacing gn
0 by its expression from Eq. (7), approximating

R1
1/2/Bh by 104, and considering that the mean square root

value of Pn
1(cosh) is [4p(2n + 1)]-1/2. The mean

magnetopause distance would vary then as {108n/[4p
(2n + 1)]}1/(2n+4), which is roughly equivalent to
(108 /4p)1/(2n+4).

3. Results

Fig. 1 shows a meridian projection of the magnetic field
closed lines cut by the magnetopause at apex points (that is
the last magnetic field closed line) and the magnetopause
position that is an isoline of internal magnetic field inten-
sity equal to 25nT, for different degrees of single harmonic
axial fields. A magnetic field line, given by Eq. (5) for a
given rapex, appears in Fig. 1 as a set of n lobes drawn with
the same color. Thus, the red, blue, green and yellow lines
are four different outermost closed field lines which have
some of their n lobes cut the magnetopause. Not all,
because not all lobes’ apex have Bh

int = 25 nT. Those cut
lobes’ footprints delineate the polar caps at Earth’s surface.
In the dipole and quadrupole cases there is a single line (red
line in Fig. 1(a) and (b)), which corresponds to a single rapex
value, which is cut by the magnetopause at all its lobes. In
fact, the number of lines is one for n = 1 and 2, two for
n = 3 and 4, three for n = 5 and 6, and four for n = 7
and 8. For example, in the case of n = 8, at the right (or
left) sides of Earth’s meridian, the red line is cut by the
magnetopause at the pair of lobes near the equator but
not at the remaining six. The blue line, which has a different
rapex, is cut at the four low-latitude lobes, while the green
line is cut at all lobes except the two near the geographic
poles, and the yellow line at all lobes.

Polar caps and auroral zones are shown in Fig. 3. Their
number increases with n as can be clearly observed in this
figure and in Table 1.

The polar cap and auroral zone total areas as functions
of n are listed in Table 1 and plotted in Fig. 4. It is clearly
observed that, even though the number of polar caps and
consequently of auroral zones increase with increasing n,
the total areas exhibit a more complex behavior. Both areas
decrease first, reaching a minimum at n = 3, and from
thereafter increase. However, the area increasing rate is
much higher in the auroral zone case which exceeds the
dipolar value at n = 5 while in the polar caps case this
occurs only at n = 8 (Fig. 4). In contrast, the decrease from
the dipole to n = 3 is more than twice larger in the case of
the polar caps area (Fig. 4).

Systematic analysis of the polar caps and auroral zones
boundaries location is more complex, since we have, as
already mentioned, different types. In the case of the polar
caps (n + 1 in total per configuration) only two are ‘‘true”
caps adjacent to each geographic pole, and the remaining
n-1 band-shaped caps appear at lower latitudes. In the case
of even n, one of these band-shaped polar caps surrounds
the equator. Of the 2n auroral zones there are two, one
at each hemisphere, encircling the polar caps adjacent to
3232
the geographic poles, and the remaining 2n-2 are dis-
tributed two per band-shaped polar cap, as can be noticed
in Fig. 3.

Fig. 5. Shows the latitudes of the inner and outer bound-
aries kin and kout for the auroral zones adjacent to the polar
caps at the geographic poles, which can be directly com-
pared. As expected, both boundaries move to higher lati-
tudes as n increases from 1 to 6. From n = 6 to 8, kin
and kout exhibit nearly constant values very close to the



Fig. 4. Total area in % of Earth’s surface area (4pRE
2) of polar caps

(black) and auroral zones (red) vs. the degree n of the single axial
harmonic. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 5. Latitudes of inner (black) and outer (red) boundaries of auroral
zones around the polar caps that are adjacent to the geographic poles vs.
the degree n of the single axial harmonic. (For interpretation of the
references to color in this figure legend, the reader is referred to the web
version of this article.)

A.O.U. Parentis et al. Advances in Space Research 67 (2021) 3228–3236
geographical poles. For much larger n values the corre-
sponding lobes closer to the geographic poles fulfill the
condition of Bh

int = 25nT at their apices for rapex < 1, i.e.
below Earth’s surface. Such high degrees were not analyzed
in the present work.
Fig. 6. Field power at the core-mantle boundary for each single harmonic
axial degree (see legend) with respect to its 1900 value until present using
Gauss coefficients from IGRF (version 12).
4. Discussion and conclusions

Obviously, any geomagnetic field, including the transi-
tional reversing field, is multi-harmonic with non-axial con-
tributions. Nevertheless, in the context of the impact of the
geomagnetic field on polar caps and auroral zones, consid-
ering single harmonic axial fields may be useful for several
3233
reasons. First, exact analytical solutions can be obtained.
Second, a reversal is by definition the collapse of the axial
dipole, i.e. it is defined by an axial single harmonic. Third,
the present-day field (and possibly the past paleomagnetic
field too, see e.g. Merrill et al., 1998) is strongly dominated
by the axial dipole single harmonic. Finally, in general,
considering single harmonics may provide useful funda-
mental physical understanding. In the context of geomag-
netism, this is common practice. A few examples include:
modelling of heterogeneous boundary control on planetary
dynamos using single harmonic CMB heat flux for the
Earth (e.g. Glatzmaier et al., 1999; Olson and
Christensen, 2002; Aubert et al., 2007; Olson et al., 2010;
Sahoo et al., 2016; Mound et al., 2019) as well as for Mars
(Stanley et al., 2008; Amit et al., 2011; Dietrich and Wicht,
2013), Mercury (Cao et al., 2014) and Saturn (Stanley,
2010) or using single harmonic inner core boundary buoy-
ancy flux (Aubert et al., 2013); using single harmonic core
flows for kinematic modelling of energy transfer on the
CMB (e.g. Huguet et al., 2016), local time series of the sur-
face field (e.g. Trindade et al., 2018) or geomagnetic jerks
(Pinheiro et al., 2019).

Our results show that the polar cap and auroral zone
areas are highly sensitive to Bh, their dependence on n is
similar for any pair of solar wind conditions. As n increases
the areas first decrease, but from n = 3 they begin to
increase surpassing their dipolar values. Non-dipolar axial
fields, as those here analyzed may emerge while the dipole
collapses in a reversal. In fact, during the past 120 years
based on the IGRF 12 core field model (Thébault et al.,
2015), all the axial non-dipole geomagnetic field harmonics
have been increasing in parallel with the decrease of the
axial dipole (Fig. 6).

Fig. 5 implies that polar caps adjacent to geographic
poles shrink with increasing axial degree, at least up to
n = 6–7. If instead of increasing axial degree we would
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have considered a single axial dipolar field with an always
decreasing moment, these polar caps would have increased
monotonously, as expected (Siscoe and Chen, 1975; Vogt
and Glassmeier, 2001; Glassmeier et al., 2004). This indi-
cates a fundamental difference between the impact of
dipole collapse and energy cascade reversal scenarios on
the auroral zones in the polar regions. In the dipole col-
lapse scenario these ‘‘true” polar cap areas increase,
whereas with energy cascade the areas shrink. Of course,
the overall situation with high axial degrees is that lower
latitude polar caps appear, adding to the total polar caps
area hence increasing the polar caps and auroral zones
total area.

For tilted single degree fields the same configuration of
polar caps and auroral zones as in the axial cases would
hold but this time centered at the corresponding magnetic
poles, i.e. still antipodal but not coincident with the geo-
graphic poles. This would imply that, for example in the
most extreme case of an axis in the geographic equatorial
plane (as in the dipolar rotation reversal scenario analyzed
in Zossi et al., 2019), at a certain local time polar caps and
auroral zones would face the sun in all their extent, whereas
12 h later they would be completely in shadow. In addition,
aurorae would be observed exclusively in specific longi-
tudes if tilted fields prevail.

To our best knowledge, there is no analytical solution to
magnetic field lines with several axial degrees. The non-
linearity of the equations prohibits a solution in the form
of e.g. linear superposition of single axial harmonic solu-
tions. However, taking into account that the field intensity
decreases with 1/rn+2, the number of polar caps and auro-
ral zones would be mainly determined by the lowest dom-
inant degree. During a dipole decay event, positive and
negative contributions of the higher degree non-axial har-
monics may lead to loss of north–south symmetry. This
is the case of the auroral zone area secular variation during
the past 120 years analyzed in Zossi et al. (2020), where the
non-dipolar components counteract and exceed the
increasing polar cap area trend induced by the dipolar
moment decrease in the northern hemisphere, while
enhancing the increasing polar cap area trend in the south-
ern hemisphere.

Our results suggest that during reversals new auroral
zones and polar caps emerge at low latitudes. If the axial
dipole energy is transferred to high axial degrees the total
areas of auroral zones and polar caps are expected to
exceed those of the present-day axial dipole dominated
field, but these auroral zones are distributed at different lat-
itudes. In addition, the polar caps adjacent to the geo-
graphical poles are expected to reach very close to the
geographical poles. If the transitional field contains signif-
icant non-axial contributions, the auroral zones appear at
specific longitudes. In the reversal scenarios studied by
Zossi et al. (2019), four small-scale polar caps emerge at
different latitudes and longitudes, testimony for the domi-
nance of multiple quadrupole orders in the absence of the
decaying dipole.
3234
The magnetopause approach that we use, combined
with any field, allows to obtain results in first approxima-
tion, which cannot be obtained easily with more accurate
magnetosphere models, using for example magnetohydro-
dynamic considerations. Although our results cannot be
directly applied to the multi-harmonic geomagnetic field,
the advantages of analytical solutions such as those applied
in this study are the simplicity and fast computation which
allow for fundamental understanding of the relation
between a component of the geomagnetic core field mor-
phology and Earth regions which are more exposed to
energetic particles and aurorae occurrences.
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Appendix A. Substituting the associated Schimdt quasi-
normalized Legendre functions in Eq. (2), the magnetic
field lines equations for n = 1 to 8 are the following
n ¼ 1 : r ¼ r1 sin hð Þ2 ðA1Þ

n ¼ 2 : r ¼ r2
ffiffiffi
3

p
sin hð Þ2 cos h

��� ���1=2 ðA2Þ

n ¼ 3 : r ¼ r3

ffiffiffi
6

p

4
sin hð Þ2 5cos2h� 1

� ������
�����
1=3

ðA3Þ

n ¼ 4 : r ¼ r4

ffiffiffiffiffi
10

p

4
sin hð Þ2 cos h 7cos2h� 3

� ������
�����
1=4

ðA4Þ

n ¼ 5 : r

¼ r5

ffiffiffiffiffi
15

p

8
sin hð Þ2 21cos4h� 14cos2hþ 1

� ������
�����
1=5

ðA5Þ

n ¼ 6 : r

¼ r6

ffiffiffiffiffi
21

p

18
sin hð Þ2 cos h 33cos4h� 30cos2hþ 5

� ������
�����
1=4

ðA6Þ

n ¼ 7 : r

¼ r7

ffiffiffi
7

p

32
sin hð Þ2 429cos6h� 495cos4hþ 135cos2h� 5

� �����
����
1=5

ðA7Þ
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n ¼ 8 : r

¼ r8
1

32
sin hð Þ2 cos h 2145cos6h� 3003cos4hþ 1155cos2h� 105

� �����
����
1=5

ðA8Þ
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